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1. INTR~OUCTION 
A ring K is called biregular if every principal two-sided ideal of K is 
generated by a central idempotent [ 11. 
In [S, Theorem 51 Bovdi and the author showed that the group ring KG 
over a commutative ring K with 1 is biregular if and only if: 
G is locally normal, K is biregular, and the order of every 
element of G is invertible in K. (*I 
In [S] it is noted that this theorem remains valid if instead of the com- 
mutativity of K we require that the maximum condition for two-sided 
ideals be satisfied. The proofs of these results are published in [S]. Renault 
[ 11, 121 showed that (*) is necessary and sufficient in case K is right self- 
injective or if K is a finitely generated module over its center. He conjec- 
tured that (*) is necessary and suficient in general. The necessity of (*) is 
proved in [6, 7, 111. In [7] Burgess asserts that (*) is not sufficient. He 
was mistaken. In [S, 91 the author showed that the group ring KG of an 
arbitrary group G over an associative ring K (not necessarily with 1) is 
biregular if and only if G is locally normal, K is biregular, and for each cen- 
tral idempotent eK the order n = n(g) of every element g of G is invertible 
in Ke, i.e., WE (Ke)*. From this it follows that (*) is necessary and suf- 
ficient in case K is a ring with 1. However, this result has remained 
unnoticed. 
As is mentioned in [6, Lemma 3.21 and [ 11, Lemma 1.41, it is sufficient 
to prove that from condition (*) follows the biregularity of KG, when G is 
a finite group. It was found that this is also the case for some crossed 
products. Therefore the determination of the biregularity of crossed 
products for arbitrary rings and finite groups is of particular importance. 
In particular, from the solution of this problem the positive answer of the 
conjecture of Renault will again follow. 
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2. PRELIMINARY LEMMAS AND DEFINITIONS 
Let G be an arbitrary multiplicative group and K be an associative ring 
with 1. Suppose that we are given a maping x : G + A(K) of G into the 
group of automorphisms A(K) of K and a family 
of invertible elements of K such that 
Pg,. s,Qg,, g, = pg,n,, .&gg2’ 
ag,~~gp=p-I &g2)up (**I 
g12g2 RI. g2 
for all M E K and g, , g,, g, E G (ago denotes the image of c1 under the action 
of go E A(K)). The family p will be called a factor set. 
To each element gE G we associate the symbol g and consider the set 
R = (G, K, p, a) of all finite sums of the form 
The equality 
c @g= c 8, 
gtG gtG 
holds if and only if aR = b, for all g E G. In R we define a componentwise 
addition 
c gag+ c ag= c da,+Bg) gEG i?tG gEG 
and a multiplication, gien by the formulas 
gK= 8 pg,h, 
(y&y = gag0 
for all c1 E K and g, h E G. The product of arbitrary elements of R is defined 
by using the distributive law. Then R is a free right K-module with basis 
the set {g I g E G} and, furthermore, R is an associative ring, because it 
follows from (* *) that 
I?,(22 23) = (Sl IT*) i3, 
(ak?,)~,=a(E,&) 
for all a E K and g,, g,, g, E G. 
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The ring R = (G, K, p, c) is called a crossed product of G and K with 
respect o the factor set p and the mapping 0. If 0 maps G onto the identity 
automorphism of K, the crossed product R is called a twisted group ring. 
Moreover, if the factor set p is unitary, i.e., pg,h = 1 for all g, h E G, then R is 
a group ring. A number of properties of these rings can be found in 
[3-6, lo]. Notice that if the elements of R are presented in the form C c(~ g, 
then the conditions for associativity (* *) obtain a different form. 
The ring R has an identity element, namely E = ip ~11, and hence without 
loss of generality we shall assume throughout that i = E, i.e., p,,, = 1. Then 
by (**) it is easily shown that 
for all ccEKand gEG. 
If H is a subgroup of G and pH and (TV are the restrictions of p and d 
upon H, then (H, K, pH, cH) is a subring of R, which we shall designate 
by R,. 
LEMMA 1. If R is arbitrary crossed product of the group G and a 
biregular ring K, then for each finitely generated (K, K)-submodule L 
of (K, K)-module R there exists a direct decomposition R = L@ N of 
(K, K)-submodules. 
Proof. Let g,, g,, . . . . g,, be all the elements of G which take part in the 
representation of the elements from L with nonzero coefficients. Then it is 
sufficient to show that there exists a direct decomposition M = LO N, 
where 
M=g,K@&K@ ... Og,K. 
Consider the natural mapping n: L + K, induced from the projection 
of the coefficient of the basis element gn. As L is a finitely generated 
(K, K)-submodule of M, z(L) is a finitely generated two-sided ideal of K, 
generated by a central idempotent e E K [ 11. If n = 1, then L = g, Ke, and 
we shall have the direct decomposition 
M=g,Ke@g,K(l-e). 
However, if n > 1, we choose an element c E L for which x(c) = e and let 
L be generated by elements xi, x2, . . . . xk E M. Then n(x,) E Ke for all 
i= 1, 2, .., k and let L’ be the (K, K)-submodule of M, generated by the 
elements 
yi = xi - C7L(Xi) (i= 1, 2, . . . . k). 
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It is obvious that x(y,) = 7t(y2) = . . = rr( yk) = 0 and therefore L’ is a 
submodule of the (K, K)-module 
M’=g,K@g,K@ . ..@g.,p,K. 
Moreover, 
L=(c)+L’, 
where (c ) is the cyclic (K, K)-submodule of M, generated by the element 
CEM. 
Now we apply induction on n and we can conclude that 
M’=L’QN’ 
for some (K, K)-submodule N’ of the module M’. We set 
N=(g,(l-e))+N 
and we shall prove that 
M=L@N. 
In fact, if m E M and n(m) = 5, then 
n’ = m - c5 - g,( 5 - te) E M’, 
as n(m)) = 0. Hence the element m belongs to the sum 
and therefore M = L + N. 
If xELnN, then 
x=m, +m’=n, +n’, 
where m, E (c), m’ E L’, n, E (g,( 1 - e)), and n’ E N’. Then, since z(m’) = 
n(n’) = 0, one has 
Kesz(m,)=z(n,)EK(l -e), 
hence n(m,) = n(nl) =O, which implies z(x) =O. It follows that 
x = m’ = n’ E L’ n N’ = (0 > and the assertion is proved. 
LEMMA 2. If the ring K satisfies the minimum condition for principal 
two-sided ideals and G is a finite group then each crossed product R also 
satisfies this condition. 
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Proof. We first prove that the (K, K)-module R satisfies the minimum 
condition for cyclic (K, K)-submodules. Indeed, let 
Racy . ..z(x.,)z ... 
be an infinite descending chain of cyclic (K, K)-submodules of R. For 
i = 1,2, . . . . denote by Kj( g) the set of elements of K which enter the decom- 
position of arbitrary elements of (xi) as coefficients of g(ge G). Then 
K,(g) is a two-sided principal ideal of K and 
Since K satisfies the descending chain condition on principal ideals, there 
exists an n = n(g) for which 
K,(g)=K,+,k)= ... (sE’3. 
If m=max{n(g)IgtzG}, then 
Lk)=K,n+,(g)= . . . . 
for all g E G, and this implies 
(x,)=(x,+,)= ..‘. 
Now it follows from Bjork’s theorem [2, Theorem 21 that R has the 
descending chain condition on finitely generated (K, K)-submodules. (In 
the original, the theorem is formulated for right modules, and we place it in 
this framework by considering bimodules as right modules over Kc’ oz K, 
where p denotes the opposite ring of K). So, as every principal ideal of R 
generated by an element a E R can be regarded as a finitely generated 
(K, K)-submodule, generated by the elements (ga, agl g E G}; the aflir- 
mation of the lemma follows. 
THE MAIN THEOREMS 
THEOREM 3. If K is a biregular ring with a unit and G is a finite group 
of order n E K*, then each crossed product R is biregular. 
Proof Let I be an arbitrary principal two-sided ideal of R generated by 
the element 
a=g,cc,+g,a,+ ... +g,lCrn (xi E K), 
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where gl, g,, . . . . g, are all the elements of the group G. As (K, K)-sub- 
module of R, the ideal I is generated by the elements 
and according to Lemma 1 there exists a direct decomposition R = I@ I' of 
(K, K)-submodules. Then for every x E R there exists a unique decom- 
position 
x = cp(x) + $(x)3 v(x) E 4 $qx) E I’. 
It is evident that 
dx + Y) = dx) + Wh 
cp(f=) = w(x), cp(xa) = dx) a 
for every x, y E R and c1 E K. The mapping $ possesses the same properties. 
The further arguments are also classic. We set 
where x E R and n = 1 GI. We shall show that 
fl(xi) = e(x) g, Qxa) = e(x) a, 
QiTx) = se(x), @ax) = c&(x) 
for each CI E K and g E G. In fact, 
p g-1 = ggj ‘ggig/ 1 = ggj ‘g 
n.n/ I 
and the elements { gg,} and (g,} simultaneously range over the whole 
group G, then 
48l;ll4.1-5 
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The remaining three equalities are proved in a similar way. Besides it is 
the evident that 
0(x + Y) = O(x) + e(Y), x, ye R. 
Therefore J= 0(R) is a two-sided ideal of R. As 
and cp( g,xg,) is an element of the ideal 1, then x - 0(x) belong to I for each 
x E R. Therefore, 
R=I+J 
is the sum of two-sided ideals. 
If x E Z, then gixg,e Z, and hence it follows that $(gj.xgj) = 0 and 
e(x) =O. As x- B(x)E Z, then e(x) = Q’(x) for each XE R. Then from 
x E In J it follows that 
x = 8(y) = e2( y) = 8(B(y)) = e(x) = 0, 
by which the theorem is proved. 
Let R be an arbitrary crossed product and H be a normal subgroup of G. 
If for every central idempotent e of the crossed product R, the set of idem- 
potents { gP’egl g E G} is finite, we shall say that R, is a FCI-subring of R. 
It is evident that for every finite normal subgroup H of the group G the 
group ring KH is a FCI-subring of KG. 
As in [6] we prove the following. 
LEMMA 4. Let G be a locally normal group and for each finite normal 
subgroup H of the group G let the crossed product R, be a hiregular 
FCI-subring of R. Then the crossed product R is also a biregular ring. 
Proof: Let x be an arbitrary element of R and H be the finite normal 
subgroup of G generated by Supp x. Then x E R, and the principal two- 
sided ideal (x) of R, is generated by a central idempotent e E R,. All con- 
jugate idempotents of the idempotent e relative to the inner automorphisms 
of R, induced from the elements 2 (g E G), belong to the center of R, and 
from the condition of the lemma their number is finite. If these idempotents 
are e, = e, e2, . . . . e,, then 
RxR=Re,+Re,+ ... +Re,. 
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If ei2 = e, + e2 - elez, then e,* is an idempotent element and 
Re, + Re, = Re,,. 
In the same way we put e,23 = e,? + e3 - e,ze, and obtain 
Re, + Re, + Re, = Re,,,. 
Continuing further we shall obtain 
RxR= Relz...,, 
where e,,..., is a central idempotent of R because it is expressible through 
the symmetrical polynomial of e, , e2, . . . . e,. 
THEOREM 5. If the biregular ring K satisfies the minimum condition for 
principal two-sided ideals and the order of every element of the locally 
normal group G is invertible in K, then each crossed product R is hiregular. 
Proof If H is an arbitrary finite normal subgroup of G, then according 
to Lemma 2 and Theorem 3, the crossed product R, is a biregular ring 
with the minimum condition for principal two-sided ideals. But such a ring 
is a finite direct sum of simple rings with units [ 11. Therefore R, possesses 
a finite number of central idempotents and so it is a biregular FCI-subring 
of R. Then the affirmation of the theorem follows from Lemma 4. 
We shall also look at another class of biregular crossed products. 
Let A(K) be the group of automorphisms and B(K) the group of 
inner automorphisms of the ring K. By ker c we mean the kernel of the 
composite mapping 
G -2 A(K) A A(K)/B(K), 
where q is the natural homomorphism. Therefore h E ker G if and only if 
aha = cr,acr,’ for each tx E K, where clh is an element of K*. Then we 
exchange the basis element h with the element i;= Eah and from the 
equations 
CA = cdia, = hah”cr, = hhc! = Kcc 
it follows that we can suppose that txh” = c1 for every ct E K and h E ker cr. 
THEOREM 6. Let G and K satisfy condition (*). If the kernel F = ker p of 
the crossed product R has finite index in G and the factor set p is finite, then 
the ring R is a biregular. 
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Proof: Let g, = 1, g,, . . . . g, be a transversal to F in G and 
e=h,LY,+h,cr,+ ..’ +h,cr, (a, E 4 
be a central idempotent in RH, where H is a finite normal subgroup of G. If 
gEG, then g=gJ(l di<n,f~F) and 
Therefore in order to establish that the idempotents { geg- ’ 1 g E G} are 
of finite number it is sufficient to establish that the idempotents 
{fij=’ 1 f E F} are of finite number. However, 
and as H is a finite normal subgroup and the system of factors 
{ pR,A 1 g, h E G} is finite then the idempotents {fey- ’ 1 f E F} are of finite 
number. Then the affirmation of the theorem follows from Lemma 4 and 
Theorem 3. 
COROLLARY 7 [S, 91. The group ring KG with unit is biregular if and 
only if G and K satisfy condition (*). 
In fact, the necessity of condition (*) is proved in [6, 7, 1 l] and 
sufficiency follows from Theorem 6. 
Remark. If the crossed product R = (G, K, p, a) is a biregular ring then 
the group G and the ring K need not satisfy condition (*). Indeed, let R be 
a crossed product of an arbitrary group G and the simple ring K with unit, 
while ker (T = { 1 }. Then from [3, Theorem 23 it is known that R is a simple 
ring and therefore it is biregular. Then using this fact and the theorems 
proved we can formulate the following assertion. 
THEOREM 8. Let R be an arbitrary crossed product of the group G and 
the simple ring K with char K = 0. If the kernel F= ker a is a locally normal 
direct jhctor in G then R is a biregular ring. 
Proof: If G = Fx L and F= ker a then R, is a crossed product with 
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a trivial kernel and this it is a simple ring [3, Theorem 21. However 
[6, Lemma 5.41, 
and by Theorem 5 this ring is biregular. 
The question is left open as to whether the condition (*) is sufficient for 
every crossed product to be biregular. In contrast to group rings it is 
probable that in the general case the answer is negative. 
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